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EEFRAIDA:
map fusion law

(map g) o (map f) = map (g o f)

For Lists

[fai,..., f an] map (g o f)
map gl
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map RISEID Coq T & B EEEAH

Fixpoint map (X Y : Type) (f : X -> Y) (xs : list X) :=
match xs with
[0 => [0 | (x::xs8") => (f x)::(map f xs")
end.
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map RISEID Coq T & B EEEAH

Fixpoint map (X Y : Type) (f : X -> Y) (xs : list X) :=
match xs with
[0 => [0 | (x::xs8") => (f x)::(map f xs")
end.

Theorem map_fusion:
forall (XY Z : Type) (f : X > Y) (g : Y —> Z),
map g © map f = map (g o £).
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map RISEID Coq T & B EEEAH

Fixpoint map (X Y : Type) (f : X -> Y) (xs : list X) :=
match xs with
0 =>1[01 (x::xs"') => (f x)::(map f xs'
end.

~—

Theorem map_fusion:
forall (XY Z : Type) (f : X > Y) (g : Y —> Z),
map g O map f = map (g o f).

Proof.
intros 7 7 7 7 7; extensionality xs; cbn.
induction xs as [|? 7 IHx];
- reflexivity.

- cbn; rewrite IHx; regflexivity.
Qed. —




s MR [Tesson+, 2011]

o J7OUSLEBEDHD Coq 5173
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e Bird, Theory of Lists [CED <

Theorem filt_prom : p <| :o0: @concat A = Qconcat A :o: p <| *.
Proof.
LHS
= { rewrite (filter mapBaseColoruce) }
(++ / :o: £ * :0: Qconcat A).
= { rewrite map promotion }
(++ /:0: @concat (list A) :o: fx *).
= { rewrite comp assoc }
(* OMITTED ... *)
Qed.
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BREXOHADRIC-
U MDEHAHETE fold

o UM LEOBIFEFEZSIERELZITHHRIL
s BRRIRY R SEED fold ELTHRMRILTE D

BHAHEE YV OMRIL: fold
(c& @ #BHXMLT BT ETHRABENESND)

foldc o [] =€
folde g (z :: xS) =x P foldc, g TS
sum = foLdo,+l lforaLL = foldtrye,n
sum ] =0 forall [] = true
sum(n ::ns) = n + sumns forall (b :: bs) = b A forall bs

BHUOHBIERD D BIBEJ R RDET true HNAND



ARER~—R:
fold 25—~ 8N AIC—A%{E

o ISICHERBT—IB LD fold ZEEF F &5
FAREL (8 F RA%) THhRI1b

fold DMZRIL: Catamorphism
(BF F ZEBIKMLT D E TIHRARBRT —YE LOEHFAHNEEND)

owDFoin:wonop\

folde, [] += c foldty, r leaf = n

.. _ foldt, s node to T 1
folde,g (z :: S) = T @ folde,e TS ='F (foldtn.; to) T (foldtn 5 t1)

4 4

sum forall s intrav max

URRDIzSHD fold ZAARDIZHD fold



ARER~—R:
fold 25—~ 8N AIC—A%{E

¢ SSICIRRIBZT—FB ED fold ZEF F &5
FATEL (18 F RAE) TR

fold DMZRIL: Catamorphism
(BF F ZEBIKMLT D E TIHRARBRT —YE LOEHFAHNEEND)

(@)roine=woF (@)
UZ b

— S L —— Al A
F =14 A X FX=14+XXAXX
ARG\ D0 A R A e = f (foldtp, s to) = (foldtn, s t1)

4 l 4 ‘
sum forall intrav max

URRDIzSHD fold ZAARDIZHD fold
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BERN Catamorphism (@)~
BIF - tarktgc |
R ‘
SFERIEL fold; g foldtn, s
SR THRIL l l
=R PN 3 { sum forall --- J [ intray max - --
SEATHRHR Tk R =80




T — BN map

o BIRNA TT—H BT map Z5EETES:
mapr f = (inFo F(f, id)))g

> BF F O:BUOAICE > TERARBT =BT
o F—BEN AT map RSEIDELRTES
maprF g o mapgs f = maprg (g o f)
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(mapg g) o (mapg f) = mapr (g o f)

For Lists (F X =1+ A X X)

[f a1, ..., f an] mapr (g o f)
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(mapg g) o (mapg f) = mapr (g o f)
For Trees (F X =14+ X X A X X)
f a1 mapF g
mapre f f CLQ f as
Q (f ai)
AN

a2 a,3 mapF (go f) g (f az) g (f az)
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=] ﬁ — | — I 1 cata_charn o P o f=(7)
— cata_cancel ledo o Fl(e))
< 7 7 ] cata_ver1 ia
cata_tusion fop=voPlfl > folgd = ()
Tennal in_o (FEn]) = 4 A (FlinJoin_) = id
Def. of in~! in_inv := (Flin_])
in_inv_charn inoin_tov = id A fn_invoin —id
ana_charn ot o/ = Fiflog o 7= [7]
= ana_cencel out_o [¢] = Fllgllo ¢
* ustalu—+ & fovr 3 21
ana_fusion Yof=Flflop— [¥]of=[¢]

INTHERIEDOJEETH o ol o

Temna2 o FI(J,id)] & J = fsto (. in_o Flsnd])]

—_ t %E =0 Def. of para. to ((p. in_o Flsnd) ]
2. = g

para_cancel
= . — para_refl :id = {in_o Flfst])
~ ara_fusion Flf@idl = folph={v)
> EEZE H’\J yAN ﬁUFﬁ' XD 18 e o)

para_any in_o Flsnd]}

Flinr] 0 out _[J onl

L UVASUANCY gU/at:: 38 =

Fifidlog & f = (9]

apo_cancel = F(([el.1d) 0 ¢
> . apo_refl id = [Flinl] 0 out_]
apo_fusion Flf@idop— [
- £ 35 BEEZERME (W o

apo_any ] o out_o f]
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De. of histo. Tl = fstoout_o (out_invo (p.id))

histo_charn i foinm_ o F[[{f,in_inv)] & f = {o|

¢ Catamorphism 2 & D F o o

histo_fusion

S \ T (o] N — histo_cata 7[( -

‘ - ) /- ) 7 Def. of futu. [¢yid] 0 in_tnv] o in_oinl
I % % L o D Tutu_charn T out_of = F[(f,out_inv])op ¢
— = » . futu_cancel out_ o [l = Fl[T#], out_imvlD] o

E = ‘Yb :IE EH b\ D ﬁb ' futu_refl s oid= b‘ﬁn_ oinl) o out_] ’
A 577 ) ] B futu_tusion Flfin_o(foid)) oy — [l o/ = [¢]

[F(in_oinl) o o]




Theorem data_functor :
forall {A B C : Type} (f : A ->B) (g : B ->C),
(fmap g) o (fmap f) = fmap (g O £f).
Proof.
intros; unfold fmap.
assert ( (fmap g) © in_ o F(f)[id] = in_ o F(g o f)[id] o F(id)[fmap gl ).
{
unfold fmap.
Left
( in_ o (F{g)[id] o F(id)[(in_ o F(g)[id]l 1) o F(f)[id] )
{ by cata_cancel }.
= (in_ o (F(g)[(in_ o F(g)[id]l])] o F{£)[id]) )
{ by fmap_functor_dist }.
= (in_ o (F(g o £)[(in_ o F{g)[id]1 1) ) { by fmap_functor_dist }.
= (in_ o (F(g o f)[id] o F(id)[(in_ o F{g)[id])1) )
{ by fmap_functor_dist }.
Right.

}

unfold fmap in HO.

Left

= (( in_ o F{g)[id]l ) o ( in_ o F(f)[id]l ) ).

( (in_ o F (g o £)[id] ) ) { apply cata_fusion }.
Right.

Qed.
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Catamorphism[Malcom, 1990]
f=(@)& f=poF(f)oing

AnamorphismlFokkinga+, 1991]
f= K’w]/: & f= 0ut;1 oF(f)ow

Paramorphism[Meertens, 1992]
(0br & F=poF((f, idu)) oing'

Apomorphism[Ves 1995]
f=leleer= out;l o F([f, idye]) o9

Histomorphism[Uustalu+, 1999]
{obr e f=poF([{f,inzH)]) oin’

Futumorphism[Uustalu-+, 1999]

f=[Wlr & f=out:" o F(([f, out:'])) 0w

BEdMAH
PRETF—VEBEEBEL, TNEHE
HylomorphiSm[Meijer+, 1991]

f=lp. Y& f=@poFfowy
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o (RES5, 2018 ; BAGEFRIGE PRO) N1BE,

Right

= (ack (8x) (ack (8 (8 x)) y)).

>= (S (8 (ack (S (8 x)) y))) {by IHx}.
>= (8 (8 (S (58 y)))) {by IHy}.

>= (8 (S (S y))) { omega }.
= Left.
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Catamorphism[Malcom, 1990] Anamorphism[Fokkinga+, 1991]
[ = (@) & f=poF(f)oing f =W f=outs' o F(f)oy

Paramorphism[Meertens, 1992] Apomorphism[Ves: 1995]

(0)r & F=wo F({f, idue)) oinZ’ F=1{0l e f=out: o F([f, idse]) o9

Histomorphism[Uustalu-+, 1999] Futumorphism[Uustalu+, 1999]

{obe & f=wo F([(f,inH]) oing' [ =[W]; & f=out: o F(([f, out;']) oy
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Hylomorphism[Meijer+, 1991]

f=lp, V] f=@poFfoy
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